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I t is established with almost complete generality by means of the perturbation-theoretical integral 
representation that the high-energy behavior of the exact scattering amplitude for spinless particles is closely 
related to the continued partial-wave Bethe-Salpeter equation, namely, the latter determines the generalized 
Regge trajectory equation. The Regge behavior is derived for the exact scattering amplitude of two identical 
neutral spinless particles. 

1. INTRODUCTION 

RECENTLY, Bertocchi, Fubini, and Tonin,1 and 
others2,3 have investigated the high-energy be­

havior of the scattering amplitude on the basis of the 
multiperipheral model. They have argued that it will 
exhibit the Regge behavior and that the Regge trajec­
tory is determined by the Bethe-Salpeter equation. The 
present author4 has pointed out that equivalent results 
can be obtained more elegantly by means of the 
perturbation-theoretical integral representation,5 but 
the Regge behavior is merely an ansatz and not proven 
mathematically. The possible high-energy behavior in 
the / channel has been shown to be proportional to 

(-OTM-OKinM-O]' (i.D 

where / is a function of 5 which is determined by the 
partial-wave Bethe-Salpeter equation. 

All the above arguments concern the ladder approxi­
mation. This approximation is the simplest one but it 
badly violates the crossing symmetry properties. Hence 
one may wonder to what extent the above results remain 
valid. The purpose of the present paper is to answer this 
question. It should be remarked that the integral equa­
tion in the multiperipheral model cannot be extended to 
the general nonladder-like graphs. Hence we shall 
employ the perturbation-theoretical integral representa­
tion.5 It is much more reliable than the Mandelstam 
representation which is widely assumed, because the 
former can be proven in every finite order of perturba­
tion theory. Our present analysis definitely shows that 
the high-energy behavior mentioned above is almost com­
pletely generates far as spinless particles are concerned. 
Oehme6 has shown that I in (1.1) with Ren> — 1 cannot 
be a constant (Re/> — §) independent of s (apart from 

* Work was performed under the auspices of the U. S. Atomic 
Energy Commission. 
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the possible contributions from "elementary particles" 
in the s channel) under certain assumptions.7 Our con­
clusion also supports that I should not be independent 
of s, because it is very unlikely that the Bethe-Salpeter 
equation might have a constant eigenvalue. 

The next section is devoted to the explanation of the 
notations used. In Sec. 3, we derive the integral equa­
tions for weight functions. In Sec. 4, their support 
properties are discussed in general mass case. Sections 5 
and 6 deal with the high-energy behavior of the scatter­
ing amplitude. We generally establish its connection 
with the partial-wave Bethe-Salpeter equation. In the 
final section, we discuss a nonlinear integral equation 
for elastic scattering amplitudes, and derive the 
Regge behavior in the case of identical-neutral-particle 
scattering. 

2. PRELIMINARIES 

We consider an inelastic scattering A-\-B—>C+D, 
where A, B, C, D stand for spinless particles, whose 
masses are denoted by MA} WB, mc, mn, respectively. Let 
2k, q, and p be the total momentum, the relative mo­
mentum in the initial state, and that in the final state, 
respectively. The initial momenta k-\-q and ^—g lie on 
the mass shells. Then the integral equation for the Feyn-
man amplitude of our process can generally be written as 

f(P,q) = g(P,i)+fd*p'G(p,p')f(p',q). (2.1) 

Here f(p,q) stands for the Feynman amplitude in 
question, g(p,q) being the contribution from the 
Feynman graphs which contain no C+D intermediate 
states. G{p,pr) denotes the irreducible Green function 
for C+D—> C+D apart from the two one-particle 
propagators. The constant momentum k has been sup­
pressed in the arguments for simplicity. 

We also consider the corresponding partial-wave 
Bethe-Salpeter equation in the rest frame (k= 0): 

VimWiiP)=fd*mp,p')%m(r>Vi(Pf), (2.2) 

7 His proof needs a tacit assumption in addition to the Mandel­
stam representation and the absence of natural boundaries. In 
order to get the continued unitary condition, the boundary values 
F±(sdci0, X) must be assumed to be analytic also in — \ <ReX<iV. 
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where tyimip) stands for a solid harmonic, fi(p) the 
partial-wave Bethe-Salpeter amplitude. 

The invariant squares which we use are as follows: 

(k+q)2=mA
2, (k—q)2=mB

2y 
(k+p)2=v, (k-p)2=w, 

(k+p')2=v', (k-p')2=w', 
(P~q)2=t^t, (p+q)2=t^u, (2.3) 

(p>-q)*=t«»'=t, (pf+q)2=tV'^uf
y 

(p-p')*=rm, (p+p')*=rV, 

(2k)2=s. 

Between them the following identities hold: 

MA2+MB2+V+W==S+tW+tW , 

mA
i+m^+f/+v/=S+t^,+ t^'9 (2.4) 

v+w+vf+wf=s+r^+rV. 

Since / , g, and G have both /-channel and ^-channel 
contributions, we write them as 

f(P,q) = f0)(P,q)+fa)(P,q), 
g(P,q) = Sm(P,q)+ga)(P,q), (2.5) 

G(p,p') = G«»(p,p')+GV(p,p'). 

Now, the following integral representations for gU) 

and GU)8 can be proven in every order of perturbation 
theory: 

r l / . l / . l /.oo 

dy 

In (2.6)-(2.9) the weight functions x ° \ $u\ <PU), and 
(pi contain 

5(1-E*) , 5(1-1yd, a ( i - i : * ) , 
i=0 i=0 

and 5(1—Zi—22) as a factor, respectively. We have 
omitted to write s explicitly in the arguments of the 
weight functions. 

3. INTEGRAL EQUATIONS FOR THE 
WEIGHT FUNCTIONS 

We consider (2.2) first. Substituting (2.9) and (2.7) 
with (2.5) in (2.2), we can carry out the Feynman 
integration. After some calculation, (2.2) becomes as 
follows9: 

1 <"» <pi(zhZ2,y) 
dy-

(y—Z\V—z2w—ie)z+2 
I dzi I dz21 

Jo Jo J-

/»1 f*\ /»°0 /»1 f*\ /»C0 

= / dzij dz2l dy I dz{ I dz2 I dy' 
Jo Jo J —oo J 0 J 0 J —00 

Ki{zhzhy; zxfr'rf) wW ,z2',y*) 
X : , (3.1) 

where 

and 

(7—Z1V—.Z2W—ie) l + 2 

(3.2) 

r* 1 /» 1 /» 1 /»OC 

« W ( ? , ? ) = ( T H ' ) - 1 / & O / & I / <&»/ 
JO Jo J—c 

X ( y ) (*0,«l ,22,7) , x 

X — - , (2.6) 
(7—ziv—z%w—Zot i j )—ie)2 

/ . l / . l /.oo 

G^(p,p')=(TH)-1 dyr-- dyj dp 
Jo J 0 J —00 

^ ( J V , ^ ) 
X-

(/3—y\v'—jiW1—y sv—y^v—yor (-1"> —ie)2 
(2.7) 

pi /»1 /»00 

J ^ M a ^ - l ) * / d y o - " / 4y«/ dfi^(yQ,---,y^)yol 

Jo Jo J -oo 

X f dbCl-*)^1^)"1"2 

Jo 
X ^ i - f - ^ i + f l r y ^ ) ) 

x^7-r ic^+(i-^)y~^- i^(o)^(i)^]), (3.3) 

provided that the theory is renormalizable. Hence it is 
very natural to assume that fU) and fi have the follow­
ing integral representations: 

with 
^ ^ ^ + ( 1 - ^ / , 
.a) 

fHp: 
/ • l /»1 /»1 /»oo 

>,g) = (TT^)" " 1 / dz0 J dzi / dz2 / ^ 7 

JO J o J o J—00 

<pu) (20,21,22,7) 
X™ , (2.8) 

-(7—•Zjfl — 22W — Zotij) — U)2 

pi pi /.OO 

'«(#)=Or**)-1/ dzA dzA dy 
Jo J o J —00 

(3.4a) 

s#y»+(l-*)2, ' , (3.4b) 

a==cm+c(i)+xy0f ( 3 # 4 c ) 

{s ;y,+3u+^W*<w+*(1)). (3.4d) 

Now, we assume that we can prove the normal non-
forward dispersion relation for the process C+C—>D+D 
in every order of perturbation theory. Then it is 
obvious that \f/U) vanishes unless 

*>i (21,22,7) , s 

X . (2.9) 
( 7 — z i v — z 2 w — i e ) l + 2 

8 The superscript j always goes over 0 and 1 throughout this 
paper. 

if 
P> (yi+ydmc2+ (y2+yd™D

2+yotoU) (3.5) 

So>s>2{mc
2+mD

2)-~tom-U1K (3.6) 
9 Equation (3.1) is an analytic relation with respect to s. Hence 

we can analytically continue it with respect to s. 
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Here s0, ?o(0)=?o, and J0
(1)=WQ are the lowest normal 

thresholds10 for the channels C+D, C+C, and C+D, 
respectively, in G(pyp

f). We further assume 

s<{mc+mD)\ t^>{mc-mD)\ (3.7) 

Then, as will be shown in the next section, <pi(zi,Z2,y) 
vanishes unless 

y>Zini(?+Z2tnD2. (3.8) 

We can, therefore, apply to (3.1) the uniqueness 
theorem of the perturbation-theoretical integral repre­
sentation.11 Thus we obtain 

<Pi(zhz2)y) = dzi I dz2' dy' 
Jo Jo Jo 

theory. Then it is evident that xU) vanishes unless 

y>Zimc2+Z2niD2+zotoU) (3.15) 
if 

So>s>mA
2+mB

2+m^+mD
2-t^0)-tQ^. (3.16) 

Here So, /o(0)=^o, and /0
(1)=^o are the lowest normal 

thresholds for the channels A+B, A+C, and A+D, 
respectively, in g(p,q). Let s lie in the intersection of 
(3.6) and (3.16). We further impose certain conditions 
on niA, mB, mc, % , *o(0), *o(1), and J0

(1). Then, as will be 
shown in the next section, <pU) vanishes unless (3.15) 
holds. Hence we can apply the uniqueness theorem of 
the perturbation-theoretical integral representation.13 

Thus (2.1) together with (2.3)-(2.8) yields the follow­
ing integral equations after the standard calculation: 

XKi(zhzhy; ZI',Z2',Y') ?I(*I',*2',V) . (3.9) <PU)
 (*O,*I,*I,Y) 

Our next task is the analytic continuation of (3.9) to 
the complex I plane. First, we define 

Then we have 
J [ , « 3 ( - l ) # . 

Ki=Ki<M+KiV> for /even, 

Ki=K%<n-Kxto for /odd. 

(3.10) 

(3.11) 

= X W ( * * * I , * * , Y ) + E f dzo'f dz^f dzA dy1 

k-oJo Jo Jo Jo 

XKUV (z0,zhz2,y; ^ ' y ) 

x ^ w , « i W , y ) . (3.17) 

Let KiM and K^ be the analytic continuations of Ki 
from / even and from / odd, respectively. As for unique­
ness, Carlson's theorem12 can be applied to K^+) and 
Ki^ if 

0 < r 7 ^ y 0 ( l ~ ^ - 1 r 1 < l . (3.12) 

From (3.4) with z /+z 2
/= 1, it is evident that 0<rj< 1. 

Since the contribution from xc^.0 or 1 is infinitesimal, 
we may assume 0<x< 1. Then rj= 1 is attained only if 

^ 1 = ^ 2 = ^ 3 = ^ 4 = 0 , (3.13) 

but this case gives no contribution to the integral (3.3), 
provided that self-energy parts are renormalized. Thus 
the analytic continuation of (3.9) is always unique. 

We should remark, however, that the continued 
equation is different from the original one for some 
integers / if there is a finite contribution from the case 
77=0, i.e., 

yo=0. (3.14) 

If we take a graph which has a one-particle intermediate 
state in the s channel or its reduced graph, the contribu­
tion from (3.14) is finite because \pU) has a 8 function or 
its derivatives at yo=0. 

Now, we return to (2.1). We assume that we can 
prove the normal nonforward dispersion relation for the 
process A+C-^B+D in every order of perturbation 

10 In general, So, £>(0), and /ocl) may be some positive constants 
satisfying (3.5) with (3.6). 

11 N. Nakanishi, Phys. Rev. 127, 1380 (1962). 
12 E. C. Titchmarsh, Theory of Functions (Oxford University 

Press, New York, 1939), 2nd ed. 

Here 

Km = f dy*- • • f dyA dpfW(yo,- • •#*£) 
Jo Jo Jo 

X / dx(l-x)(a^2d(z0-t
1a-1yo(i-x)z0

f) 
Jo 

x^i-rH^+a-v00)) 
X 8(z2-1~ l{yi+ar V ( w ) ) ) 

X 8 ( * Y - ^ [ a 0 + ( l - * ) V 

-ar1(l-x)zor(cwmA
2+cwmB

2) 

-a~1c^c^s'])1 (3.18) 
with 

a=cw+cW+xyo+(l-x)zo', (3.19a) 

^yz+yA+a-iy0\:cM+cV+ ( l - s )so ' ] , (3.19b) 

and Kul) can be obtained from Ka~jfi) by interchanging 
MA and mB in the last 8 function of (3.18). Since 

0< j } s £-«-iyo(l--*) < 1, (3.20) 

KUk) vanishes unless ZO<ZQ. 

4. SUPPORT PROPERTY 

In this section, we investigate under what conditions 
the support property (3.15) of <pU) is consistent with 

18 In order to prove the uniqueness in this case, we analytically 
continue v and w to vKmd1 and w<mj?. Then our representation 
can be regarded as a usual dispersion relation for t. Hence the 
uniqueness of the dispersion relation leads to the property that if 
/ s / (o) - f /U)== 0 then f ) s / ( D s 0 . Then the uniqueness theorem 
of Ref. 11 yields the desired result. 
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(3.17). Namely, our purpose is to show the inequality 

y>Zim^+Z2fnj^+ZQtQ^), (4.1) 
where 

y=or1t1l%P+(l-x)y'-ar1(l~-x)zo' 

0o= t'1ar1yo(l—x)zo , 

Zi^tKyz+ar'yoc^), (4.2) 

z2=t1(yi+a-1yoca-»), 
under the assumptions (3.5) and 

y ^SiW+siW+So' feW, (4.3) 

with certain conditions which should be found. On 
account of (4.2), (3.5), and (4.3), the inequality (4.1) 
can be rewritten as 

a[c^°%c2+c(1>m i)
2+^o/o0 ')+(l-^o%(( , )] 

- (l-x)zof(c^mA
2+c^mB

2)-c^c^s 
- ^ o ( c ( ^ c 2 + c ( 1 - y % i > 2 ) - ^ o ( l ~ ^ o % ( y ) > 0 , (4.4) 

by making use of (3.4a) and (3.4b). 
It is convenient to put 

r(0) = : # 1 , ,(D = # 2 , 
(4.5) 

(1—x)V=^3 , %yo=XA. 

Then, on account of (3.19a), (4.4) becomes14 

(Xi+X2+Xz+Xi)(XiMc?+X2MD2+%stQ+X4to) 

— XiXzMA2^X2XzmB2 — XiXmc2~X2XAfftD2 

~#1#2S —#3#4^0>0 (4.6) 

for j= 0, and 

(Xi+X2+Xz+X4)(XiMc2+X2MD2+%zto+%$o) 

—xiXzmj?—X2XzmB2—X2xmc2—x\xmi? 

— X\X2S— XzXiUo>0 (4.7) 

for j= L It is evident that (4.6) is satisfied if 

(xi+X2+ xz) (x1tn(?+X2fnD
2+xzto)—XIXZMA2 

—X2XzmB2—XiX2S>0. (4.8) 
Since (4.8) is a special case of (4.7), it is sufficient to 
consider (4.7) alone. The left-hand side of (4.7) is 
exactly the same with the denominator function V of 
the Feynman parameteric integral corresponding to 
Fig. 1 with internal masses Wi=%, W2=mD, mz=to1/2

y 

W4=Wo1/2, and with invariant squares s and UQ. The 
conditions for V>0 are well known.15 

In a quite analogous way, we can investigate the 
conditions for self-reproducing the support property in 
the remaining two integrals of (3.17). The result is 

(xi+X2+xz+Xi)(ximc2+X2mD2+xzm+XiUo) 
— X iXztriB2—X2XzttlA2 ~" X&mc?—XiXmD* 

—XiX2S—XzX4to>0. (4.9) 
14 Remember /0

(0)s5/o, £o(1)ss^o, etc. 
16 R. Karplus, C. M. Sommerfield, and E. H. Wichmann, Phys. 

Rev. 114, 376 (1959). 

FIG. 1. Graphical UQ _» 
representation of the 
inequality (4.7). 

It will be convenient to write down sufficient condi­
tions for (4.7) and (4.9) more explicitly. First of all, we 
need the stability conditions 

/o>max[(^i-wc)2 , (WB—mD)2~], (4.10a) 

^o>max[(wj5—mc)
2, (mA—mD)2~], (4.10b) 

Uo>{mc-mD)2. (4.10c) 

If we require the normal thresholds: 

s<(mc+mD)2
} (4.11a) 

^o<(*o1/2+#o1/2)2, (4.11b) 

to<(uo1/2+m1/2)2
y (4.11c) 

then (4.11a), (4.11b), and (4.11c) require the following 
additional conditions, (a), (b), and (c), respectively, for 
the absence of anomalous thresholds15: 

(a) mc(to+mD
2—ntB2)+mD(k+ntc^—fnA2)>07 

(b) Wo1/2(/o+^c2-mA2)+/o1/2(^c+Wc2--mi>2)>0, 

u^2{h+MD
2-niB2)+hli2 (uo+m,D

2-MC
2) > 0, 

(c) UQ1/2(uQ+mc2—mB2)+Uoll2(uo+mc2—inD2)>0, 

UQ1/2 (UQ+MD2—MA2)+m1/2 (UQ+mD
2—m(?) > 0. 

(4.12) 
If we take more stringent conditions 

s<(mc—MD)2, 

u0<(to1/2-u0
1/2)2, (4.13) 

to<(u0
l/2-Uo1/2)2, 

instead of (4.11), then no additional conditions are 
necessary. It is noteworthy that there is no restriction 
for t0. 

Finally, we consider the Bethe-Salpeter equation 
(3.9). This corresponds to a special case #3=0 of the 
above. Therefore, we obtain only two conditions (4.10c) 
and (4.11a), which have been written in (3.7). 

We have thus proved the consistency of the support 
properties (3.8) for <pi and (3.15) for <pU) under the 
conditions (3.7) and either (4.10)-(4.12) or (4.10) with 
(4.13), respectively. Almost all practically important 
cases satisfy the required conditions. 
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Rigorously speaking, the above reasoning cannot 
exclude the possible existence of weight functions which 
fail to vanish outside of (3.8) or (3.15) even if all the 
above conditions are satisfied. But the existence of such 
"bad" solutions is extremely unlikely because of the 
following reasons. As for the Bethe-Salpeter equation, 
we know that it has no such bad solutions in the ladder 
approximation.16 As for the inhomogeneous equation 
for the scattering amplitude, the iterative solution, if 
it exists, differs from a bad solution. It will be very 
reasonable to assume the nonexistence of bad solutions. 

5. HIGH-ENERGY BEHAVIOR 

In order to discuss the high-energy behavior of the 
scattering amplitude in the t channel, it is convenient 
to introduce the even and odd amplitudes: 

' (5.1) 

The high-energy behavior of the amplitude / in the 
/ channel is determined by the behavior of <p(±) at a 
neighborhood of ZQ=0. When Z<£^ZQ~0, we can neglect 
higher order terms of zQ and Zo in (3.18). In this way, 
we have 

K mc^.K (11)c^iT(0) 

(5.2) 

where 

K& = / dy<> • • • / dyj dp * w> (y0, • • • ,y,fi) 
Jo Jo Jo 

X / dxil-xJiaO-^izo-^a-tyoil-xW) 
Jo 

xKzi-trKyz+a-'yoc^)) 
Xd(z2-t

1(y^+a~1yoc^))) 

Xd(xy-t-1Z^+(l-x)Y-ar1c^c^s']). (5.3) 

We assume that %0) and \f/U) are bounded at ztf^.0 and 
at 3>(£̂ 0, respectively,17 and that ^ ( ± ) is not bounded at 
3(j~0. Then we obtain the "asymptotic equations": 

<pM~(K«»+KV)<pM, (5.4a) 

<p<->£*(K<M-KM)<p<->. (5.4b) 

Here we have employed the operator notation for 
simplicity. 

Now, we can write 

«><+> (zo,zhz2,y)^F^ (*0) £
(+)

 (*I,*2,Y) , (5.5) 

16 R. E. Cutkosky, Phys. Rev. 96, 1135 (1954). N. Nakanishi, 
ibid. 130, 1230 (1963). 

17 If ij/M contains a term proportional to $W(yo), that part 
always gives 5w(zo) irrelevantly to the input function <p(±) in the 
right-hand side of the asymptotic equation. 5w(yo) corresponds 
to an "elementary" particle having spin I in the s channel. 

where <£(+) contains 5(1—%i—z2) as a factor. We sub­
stitute (5.5) in (5.4a) with (5.3). Then the Zo -integra­
tion is simply 

f dzo'dizo-v^F^M-V-'F^^o/^eiv-Zo), (5.6) 
Jo 

where t\ is given by (3.12). Therefore (5.4a) can be 
satisfied if 

F(+>(s0) = const Pf 2o-w'(M/so)n(ln lnl/s0)r- • •, (5.7) 

where /, n, r, etc. may depend only on s. In (5.7) the 
symbol Pf18 indicates that when one carries out an 
integration over Zo one should first calculate the integral 
in ReZ<0, Re^> —1, etc., and then analytically con­
tinue the result with respect to /, n, etc. The integration 
over 3>o in (5.3) cannot change the degree of the singu­
larity of (5.6) at z0=0 as far as Re/> — 1. 

On the other hand, from (5.6) and (5.7) we can easily 
see that <£(+) (21,22,7) in (5.5) must satisfy a homogene­
ous integral equation, which is exactly the same with 
the partial-wave Bethe-Salpeter equation continued 
from / even, i.e., 

0(+> = £:l<+)0<+>. (5.8) 

Thus <p(+) is equal to a solution <pi of (3.9) continued 
from / even apart from a normalization factor which 
depends only on s. The eigenvalue problem (5.8) deter­
mines / as a function of s. 

Quite similarly, we have 

<P(_) (zo:zhz2yy)^.F^ (20) £<-> (21,22,7), (5.9) 

j7(-)(2o) = const Pf 20-z'-1(lnl/2o)"'-", (5.10) 

0<-) = 2JV(->0(->. (5.11) 

We have thus established quite generally that the 
high-energy behavior of the scattering amplitude is 
closely related to the continued partial-wave Bethe-
Salpeter equation. The connection with the Regge 
analysis was already discussed in I. While / in (5.7) gives 
the trajectory of the singularity in the complex angular 
momentum plane, the other parameters concern the 
nature (or strength) of the singularity. The high-energy 
limit corresponding to (5.7) is proportional to 

( - / ) T l n ( - 0 K l n l n ( - 0 > - - . (5.12) 

The factorizability19 of the "residue" functions <p(±) 

can be shown by exactly the same way as the reasoning 
of Amati, Stanghellini, and Fubini.3 It is somewhat re­
markable that the factorizability is still valid even if we 
have a branch cut in the complex I plane. But it should 
be noticed that this reasoning3 applies only when the 

18 L. Schwartz, ThSorie des Distributions (Hermann & Cie., Paris, 
1950), Chap. II. 

19 M. Gell-Mann, Phys. Rev. Letters 8, 263 (1962); V. N. 
Gribov and I. Ya. Pomeranchuk, ibid. 8, 343 (1962); Y. Hara, 
Progr. Theoret. Phys. (Kyoto) 28, 711 (1962). 



P E R T U R B A T I O N - T H E O R E T I C A L I N T E G R A L R E P R E S E N T A T I O N B1229 

particles have the same quantum numbers except for 
their masses. 

Finally, we will remark the form of F(±)(zo), Strictly 
speaking, F{±) (zo) may be a sum of some terms in which 
the imaginary parts of I (and/or n, etc. • • •) only are 
different from one another. But since such a possibility 
is very unlikely and any work done so far seems not to 
consider such a case, we assume that F(±)(z0) consists 
of a single term like (5.7) or (5.10). Then /, n, etc., must 
be real because the weight function is a real function. 

6.- FURTHER CONSIDERATION ON 
HIGH-ENERGY LIMIT 

In the preceding section, we have investigated the 
high-energy behavior of the Feynman amplitude under 
the assumption that \j/{j) is bounded at yoc^.0. But since 
the kernel G(p,pf) contains the contribution from 
infinitely many graphs, this assumption is not always 
assured and \//U) may behave just like F(±)(yo) at y<f^.O. 
Hence we write 

P» (yo, • • • #*#)*&«> W i P (yu- • • ,yrf) (6.1) 
and, for simplicity, assume 

F<+> (so) = Pf so-^flnl/so)w, (ReJ> - 1 ) , (6.2a) 

ffw(yo)=Ky0-*"1(tol/yo)f, (Reifc>-1), (6.2b) 

and likewise for F ( - ) and HaK Then, according to (5.3), 
the asymptotic behavior of iT(0V(+)> say, is determined 
by the following integral: 

I=[ dyJ dzo,H^(yo)F^MK^-Ky0Zo/), (6.3) 
Jo Jo 

with 
K^il-xXc^+c^-Kyz+y^^rj/yo. (6.4) 

The evaluation of (6.3) is given in the Appendix. The 
result is as follows. 

(a) l>k: 

Ic^T(r+l)(l~k)-r~le(K-z0) 

Xjcfeo~w(W*ojn. (6.5) 
(b) / = * : 

I=B(n+l,r+l)d(K-zQ) 
XKhto-^QnK/zo)"*-*1. (6.6) 

(c) Kk: 

Ic^Tin+Vik-iy^eiK-Zo) 
X***0-M(W*o) r . (6.7) 

In the above, B and T denote Euler's beta and gamma 
functions, respectively. 

As is seen from (6.5), in the case l>k, the asymptotic 
behavior is not affected by the presence of the singu­
larity of ^(0). Therefore, (5.4a) is still valid in this case, 
provided that ^(1) is of similar nature. In the case 
l=k, if Rer> —1, the singularity given by (6.6) is 

stronger than the original one (6.2a). In this case, there­
fore, F(+)(ZQ) is no longer self-reproducing. Finally, in 
the case Kk, the singularity given by (6.7) is inde­
pendent of F(+)(s0). 

Furthermore, if xU) is n ° t less singular than <p(±\ we 
must, of course, take account of the inhomogeneous 
term. In this case, it is preferable to rewrite (2.1) by 
taking another intermediate state instead of C+D. 

7. NONLINEAR INTEGRAL EQUATION 

A homogeneous equation like (5.8) or (5.11) cannot 
determine the normalization of the residue function 
<£(±). Amati, Stanghellini, and Fubini3 have proposed to 
use a nonlinear integral equation for determining the 
normalization. In this section we shall generalize this 
method. 

We consider the elastic scattering only ["elastic" is 
referred to in the s (or u) channel, i.e., A = C, B=D2* 
Then our basic equation (2.1) becomes 

f=G+Gf (7.1) 

in the operator notation. Now, we replace G by AG: 

/=XG+AGf, (7.2) 

where X is a parameter. Then the solution / of (7.2) is, 
of course, a function of X, and all arguments made in the 
previous sections equally apply to the new / . We 
introduce a function f=df/d\, which satisfies the 
following equation: 

f=G+Gf+\Gf, (7.3) 
or, 

/=X"V+XG/. (7.4) 

If an operator (1—\G)-1 is well defined,20 (7.3) with 
(7.2) leads to 

/ = (l-XG)~1(G+G/)= (1-XG)-1G(1+/) 

= X - 7 ( 1 + / ) , (7-5) 

namely, we have a nonlinear integral equation 

mp,q)=f(t,q)+jWf(P,inM,q) • (7.6) 

We assume that the asymptotic limit of / i s obtained 
from that of / by operating d/d\ namely, the less 
singular part of <p(±) at 2(P^0 does not contribute to the 
leading part of £ (± ) = d<p(±)/dX. This assumption was 
tacitly made by Amati et al? A counter example may be 
provided if the less singular part contains a term con­
taining such a factor as sin(X2<rm), m>0. But such an 
oscillatory behavior will be inconsistent with (7.6). 

20 If |X| is very small, this operator will probably exist. After 
the calculation (7.5), we should analytically continue (7.6) with 
respect to X. 
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If the above assumption is accepted, the leading 
singularities of £ ( ± ) are given by 

^(+)~^+)In(l/f0)d//dX, 
(7.7) 

Thus the singularities of ^ ( ± ) are always stronger than 
those of <p(±) as far as dl/dX^O and df/dX^O, respec­
tively. As is seen from (7.4), therefore, the asymptotic 
equations for ^ ( ± ) are identical with (5.4) apart from X.21 

Now, we consider the nonlinear integral equation 
(7.6). In addition to (2.8), we employ the following 
integral representation for f(p,pf): 

/«>(#J#0=(T*i)-1/' dyr-- f dyj dp 
Jo Jo Jo 

$U)(yo,---,yi,P) 
(7.8) 

(0—Jiv'—ytiuo1 ~yzv—yjw—yor(?)—ie)2 

0U) being related to <pU) through 

<PU)(zo,zhz2,y) 

= / dy0--- dy4l dp y-28(zo—yQy-1)8(zi—yzy'r 

Jo Jo Jo 

X8(z2~-y4y~1)d(y-y"-1(fi-y1mA
2--y2mB2)) 

X0«>(yo,--;y*fi), (7.9) 

with y^yo+yz+y^ Then the integral equations for the 
weight functions are obtained completely analogously. 
On account of (7.7), the asymptotic equations become 

£<+>~(£<w+l£«)*><+>, (7.10a) 

0<->~(£<P>-j£a>)p(-) 9 (7.10b) 

where Ku) is obtained from KU) by replacing \f/u) by 
0U\ 

For simplicity, we assume the following behaviors: 

?<+>~*0-w(M/*o)*, (7.11a) 

tpt-^zo-^ilnl/zoy. (7.11b) 
Then we have 

(7.12a) 

(7.12b) 

(7.13a) 

(7.13b) 

and 

0<+>~so-M(M/*o)*+1
> 

^ - ^ - ' ' - ^ m l A o ) * ' * 1 , 

£(+) = 0(O)+ 0(l)^yf-l-l(lnl/yQ)n ? 

0(-)=0m^0(D, ^o*~F'"1(lnl/yo)w'. 

We consider the case l>lf. The nonlinear terms 
i£<>V+) and ito'V"-* behave like 

(7.14a) 

(7.14b) 
21 Therefore, ^ ( + ) provides a good counterexample to the ansatz 

jf W) ̂ (+)^2o-w(lnl/0O)2n+l, 

£<^<->~s 0 - w (M/so)* , 

according to (6.6) and (6.7), respectively. In order that 
(7.14b) be consistent with (7.12b) in (7.10b), a cancella­
tion of the leading terms must take place between 
it(0),p(-) and —it(1)^(*~). Since a similar cancellation 
may happen also in (7.10a), the comparison between 
(7.12a) and (7.14a) yields only 

n>Q. (7.15) 

This result excludes the possibility that the leading 
singularity is a bounded branch point in the complex I 
plane. 

In the case 1= lf, it may be plausible that $(0) behaves 
like 

yQ-^Qnl/yo)" (7.16) 

and 0(l) is less singular. This is trivially true in the 
ladder approximation because then <£(1)=0. In this case 
we have 

^ ( 0 ) ^ ( ± ) ^ 2 0 - W ( l n l / Z o ) 2 n + l (7.17) 

and no cancellation can happen in (7.10). Therefore, 
(7.12) and (7.17) lead to 

n=n'=0} (7.18) 

namely, we have the Regge behavior for the scattering 
amplitude. 

If both 0W and 0^ behave like (7.16), it will be 
natural to expect that /has a certain crossing symmetry 
between the t and the u channel. For simplicity, consider 
the elastic scattering of two identical neutral particles 
for which 

f(P,-p')^f(P,p')=f(-p,P')- (7.19) 

Then the uniqueness theorem of the perturbation-
theoretical integral representation13 leads to 

0(1)(yoji,y2,yzyy^)= 0m(yQ>y2,yi,yhyi,P), 

<P{1) (^0,21,22,7) = <Pm (%o,Z2,zhy). 

Hence (5.3) together with (3.4a) and (3.4b) gives 

(7.20) 

so that (7.10) reduces to 

£(±W2i£«V±>, 

or 

(7.21) 

(7.22) 

Hence we obtain again the Regge behavior (7.18). 
The above result will lead to the following alternative 

conjectures. 

(a) All elastic scattering amplitudes will exhibit the 
Regge behavior. 

(b) The scattering amplitude of two alike particles 
of t i B S f i a ^ n S : ^ S S S T ^ S TonS will exhibit the Regge behavior, but that of two unlike 
(Rei 1). ones may not. 
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The former is more aesthetic, but the recent experi­
mental results of the high-energy proton-proton and 
pion-proton scatterings22 are favorable to the latter. 
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APPENDIX 

We shall derive (6.5)-(6.7) from (6.3). Because of the 
symmetry of (6.3) with respect to {l,n) and (A,r), it is 
sufficient to consider the case l>k only. Carrying out 
the integration over ZQ, we have 

I=0(K—ZO)K%~ -*Pf f 
J ZQ/K 

dyQ 

Xyol"~&-ianl/^)f(lnKyoAo)n. (Al) 
22 K. J. Foley, S. J. Lindenbaum, W. A. Love, S. Ozaki, J. J. 

Russell, and L. C. L. Yuan, Phys. Rev. Letters 10, 376 (1963). 
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Putting 

y0= exp(—# ln/c/zo), (A2) 

we obtain 

/ = 0(K~s o )K%o^KW%) n + ^ > (A3) 

where 

/ d%%r{i—%y 
Jo 

exp[—x(l— k) ITUC/ZQ] . (A4) 

In the case /= k, (A3) with (A4) immediately leads to 
(6.6). For l>k, the exponential in (A4) becomes 
extremely small except for xc^.0 because we are in­
terested in £(p^0. Hence we may approximate / by 
replacing (1—x)n by l.23 Then we obtain (6.5). 

23 The analytic continuation with respect to n and r does not 
invalidate this approximation. This can be checked by expanding 
(l—x)n into the Taylor series and integrating term by term. 
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An attack is made on the problem of the analytic continuation in the angular momentum variable I of 
amplitudes denned by integral equations beyond the value of Re/ at which the kernel ceases to be of the 
Schmidt type and the Fredholm theory cannot be applied. A general technique is developed and applied to 
the Yukawa potential case and to the ladder graph series in the >̂3 theory. In both cases meromorphy is 
established for ReJ> —f and a procedure is indicated for a stepwise continuation to the entire I plane. 

1. INTRODUCTION 

THE importance of analyticity properties of scat­
tering amplitudes in the complex angular mo­

mentum variable has motivated certain field theoretic 
approximations1-13 in the framework of simple models. 
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These models consist essentially of series of Feynman 
graphs studied either on the basis of integral equa­
tions1-"5 or by obtaining asymptotic forms6-13 for large 
values of the momentum transfer. 

The present situation indicates that sets of planar1"11 

Feynman graphs lead to [interpolating] partial-wave 
amplitudes F(s,l) which are meromorphic in I at least 
in some region beyond the analyticity domain specified 
by the number of subtractions in the momentum trans­
fer U With the exception of the "superconvergent" <pz 

theory, one obtains in addition fixed branch points, 
e.g., in the <pA case and in the model of scalar particles 
interacting through the exchange of vector mesons.3*5'9 

These fixed branch points seem to be quite analogous 
to those appearing in the r*2 potential case. 

This close analogy with the nonrelativistic potential 
case is more or less expected because for planar graphs 
the ptu spectral function vanishes as in the case of 

11 G. Tiktopoulos, Phys. Rev. 131, 480 and 2373 (1963). 
12 J. C. Polkinghorne (to be published). 
13 S. Mandelstam (to be published). 


